Louis Kovalevsky, Hervé Riou, Pierre Ladevèze. A Trefftz approach for medium-frequency vibrations of orthotropic structures. Computers and Structures, Elsevier, 2014, 143, pp.85-90. 10.1016/j.compstruc.2014 The Variational Theory of Complex Rays (VTCR) was developed in order to calculate the vibrational response of structures in the medium-frequency range. It leads to a numerical approximation of this response through the resolution of a small system of equations which, contrary to element-based methods, does not result from a refined spatial discretization. This strategy has already been validated for assemblies of isotropic plates. In this paper, we extend it to the case of orthotropic planar structure. The method is illustrated through various orthotropic plate vibration problems under several types of harmonic loading in the medium-frequency range.
Introduction
Undoubtedly, the modeling and analysis of the vibrational response of structures are among the key issues in the design of many industrial systems. Today, even for complex structures, there remain no major difficulties in the low-frequency range, at least concerning modeling and analysis (see [1] ). However, the modeling and analysis of medium-frequency vibrations, on which this paper focuses, continue to cause problems. Attempting to extend lowfrequency methods to this case is difficult because the length of variation of the phenomena being studied is very small compared to the characteristic dimension of the structure and, therefore, the finite element calculation would require a prohibitive number of degrees of freedom. This difficulty has led to the development of a number of improved finite element approaches (see [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] ).
Today, there are also dedicated computational strategies for the resolution of medium-frequency problems, known as Trefftz methods [12] , which differ from element-based methods in that they use shape functions which are exact solutions of the governing differential equations. These approaches include, for example, a special use of the partition of unity method [13, 14] , the ultra-weak variational method [15] [16] [17] , the least-squares method [18, 17] , the discontinuous enrichment method [19] [20] [21] , the wave boundary element method [22, 23] , and the wave-based method [24] [25] [26] . All these numerical techniques undertake to solve the problem using oscillating functions, the main differences being in the treatment of the transmission conditions between substructures and the boundary conditions. The Variational Theory of Complex Rays (VTCR), which is the subject of this paper, is one of these dedicated Trefftz methods.
The VTCR is a predictive tool specifically designed to deal with medium-frequency problems which was introduced in [27] . Its first characteristic is that it uses a special weak formulation of the problem which makes the approximations within the substructures a priori independent of one another. Thus, any type of shape function can be used in a substructure provided that it satisfies the governing equations. This gives the approach great flexibility and, consequently, makes it very efficient because any type of approximation function can be used without any difficulty. The second characteristic is the introduction of an approximation with a strong mechanical content: the solution is described as the superposition of an infinite number of plane waves which satisfy the governing equations exactly. All the wave directions are taken into account and their amplitudes are the unknowns of the problem.
Previous works have already validated this strategy for 2D assemblies of isotropic plates (see [28] ) and for 3D isotropic assemblies (see [29] ), but many industrial structures contain composite materials which are not isotropic. Therefore, this paper goes one step further in the development of the VTCR by enabling the designer to take the properties of these materials into account. However, we will assume that the composite material can be described as an orthotropic material. The paper is structured as follows: Section 2 presents the reference problem and its solution using the VTCR; Section 3 illustrates the strategy in the case of a vibrating orthotropic plate; finally, conclusions are drawn in Section 4.
Basic aspects of the VTCR

The reference problem
The reference problem being considered is the steady-state vibration of an assembly of plates at a fixed circular frequency x.
In order to simplify the presentation, let us assume that the structure consists of two coplanar plates, but this can be easily generalized to an assembly of any number of plates of any geometry. These plates are assumed to be thin, homogeneous, orthotropic and governed by the elastic Kirchhoff-Love theory. We are to study the steady-state vibrations of such an assembly. Classically, all quantities are defined as complex quantities, i.e. an amplitude Q ðxÞ is associated with Q ðxÞe ixt . Let S 1 and S 2 denote the mean surfaces of the two plates and @S 1 along @ K S e ; e 2 1; 2 fg ½½t e M e n e ¼ 0 at the corner of @S e ; e 2 1; 2 fg
where p e is a prescribed pressure applied over S e ; n 1 the outward normal to S e and t e the tangent to @S e . ½½Ã denotes the value of the jump of quantity Ã and X is the curvature operator. If D e are positive definite and the damping factors g e of each plate are positive, the solution of the reference problem is unique.
The variational formulation associated with the VTCR
The VTCR uses a global formulation of Problem (1) and (2) in terms of both displacements and forces along with the boundary conditions and transmission conditions. First, one must define S ad e , the functional space that satisfies the governing Eqs. (1) Similarly, let S ad e;0 be the functional space which satisfies the homogeneous governing equations (the same equations as (3), but without p e ). Then, the VTCR formulation of Problem (1) and (2) 
where Ã Ã denotes the complex conjugate of Ã. (4) can be shortened to: find s ¼ðw; MÞ2S ad such that:
aðs; dsÞ¼lðdsÞ 8ds 2S
In order to find an approximate solution of (1), (2), the basic idea is to seek a solution of (5) 
Construction of admissible fields
In order to define the S h;ad term in (6), we must find the exact solutions of the governing Eqs. (1) . In the case of orthotropic plates, assuming that the principal directions of orthotropy coincide with the x and y coordinates of the plate's mean surface, (1) 
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, and where E ex ; E ey , m ex ; m ey and G e are the classical elastic constants of the orthotropic material of plate S e (see [30] ). Absorption in the plate is represented through damping factors g ex ; g ey and g e : E ex ¼ð1 þ ig ex ÞE ex0 ; E ey ¼ð1 þ ig ey ÞE ey0
and G e ¼ð1 þ ig e ÞG e0 .
In each substructure X e ; w e is sought in the form w e ¼ w 
where
; e x and e y are the directions of orthotropy of plate X e , and n b and t b are respectively the outward normal and the tangent of edge b. The values of k n and k t are determined by the equations:
In order to discretize and get the VCTR formulation (6) 
where a Ã n are the unknowns of the problem and h
The discretization parameter N Ã e (and, therefore, DimðS h;ad e;0 Þ) can be set a priori using a heuristic geometrical criterion [31] which says that it is proportional to the ratio of the characteristic dimension R Ã e of the domain X e (for propagative waves) or the edge b (for evanescent waves) to the wavelength:
where a is a proportionality coefficient, k the biggest value between k xe and k ye , and the brackets denote the integer part.
The discretized forme of the VTCR
With each plate X e discretized according to (12) , the VTCR formulation (6) leads to a linear system of equations in the complex domain:
Matrix A corresponds to the discretization of the bilinear form of weak formulation (6), a is the vector of the unknown quantities which approximate the distribution of the wave amplitudes and b corresponds to the discretization of the linear form of (6) . The integrations that we have to do in the variational formulation (6) have an analytical expression for straight edge. As a consequence, if the edge of the domain S can be decomposed in straight lines, the assembling process of the VTCR is not computationally costly. If the edges are curved, a first strategy is to decompose each edge into straight segments. However if the radius of curvature is small, a numerical integration has to be done, but it is restricted to the very few curved edges, which does not impair the computational efficiency of the VTCR. Like any other Trefftz method, the obtained linear system could be badly conditioned. Therefore, one has to avoid the use of a direct solver. One solution is to calculate a low order pseudo inverse, but it requires the singular value decomposition of the matrix A.A n other solution, is to use an LSQR iterative solver. In practice the two methods give similar result, with an advantage for the iterative solver in terms of speed. In this next section, the numerical results are obtain using a LSQR. As soon as a is known, the VTCR approximate solution of Problem (1) and (2) is given by Eq. (12).
Numerical results
The purpose of this section is to assess the performance of the VTCR in the resolution of composite plate vibration problems. In order to do that, let us consider the following two problems: (a) a plane wave traveling through a composite plate and (b) the vibration of a plate under a point force. In both cases, the exact solution is known. The convergence can be measured using the relative error:
where w is the calculated solution and w ex the exact solution. In the first example, the plate is modeled using one single domain for the VTCR, whereas in the second example the plate is modeled using either 1, 4 or 8 sub-domains. The number of DOFs of the VTCR is simply the sum of the number of waves used in each element. Let us recall that one could reduce this number by using condensation, but we did not do that in order to make a fair comparison. p. This particular direction was chosen because it does not coincide with any of the shape functions used. In this example, one should remark that one has to solve the homogeneous Eq. (1) or (7) (i.e. the term p e is zero) and therefore there is no particular solution.
The case of a plane wave traveling through a composite plate
We considered three circular frequencies: x ¼ 10; 000 rad=s, x ¼ 70; 000 rad=s and x ¼ 130; 000 rad=s. Fig. 1 shows the exact solution of the problem for each frequency. Fig. 2 shows the evolution of Error (15) as a function of the number of degree of freedom. The number of shape functions was set using Eq. (13) with a varying from 0.1 to 3. One can see that at all the frequencies considered the VTCR led to an error of 10 À5 or less, which shows its efficiency on that kind of problem.
Vibrations of a composite plate subjected to a harmonic point load
The second example also concerns a rectangular plate, of dimensions ½0; L x Â½0; L y , with L x ¼ 3 m and L y ¼ 2 m, which is simply supported along all four edges. The principal directions of orthotropy are parallel to the sides. For this problem, the material The exact solution of this problem can be calculated using Navier's method: w ex ðx; y; xÞ¼
The solutions corresponding to the three frequencies considered are shown in Fig. 3 .
Using the VTCR, the displacement field was approximated by using Eq. (12), in which the particular solution w p was obtained using the Green function. The converged VTCR solutions when using one single domain with a ¼ 2i n(13) are shown in Fig. 4 .
One can see that these solutions are similar to the exact solutions of Fig. 3 : all the vibration peaks coincide and the magnitudes of the displacements are the same.
In order to assess the performance of the VTCR, let us compare these results to those obtained by the finite element method using Kirchhoff quadrilateral elements [32] . Fig. 5 shows the FEM and VTCR errors (15) as functions of the number of DOFs for each solution and at each frequency. The VTCR values were obtained using Criterion (13) with a varying from 0:1 to 5 using either 1, 4 or 8 identical sub-domains. The FEM values were obtained using meshes with 3-18 Kirchhoff quadrilateral elements per wavelength.
One can see that when using one single sub-domain the performance of the VTCR is significantly better than that of the FEM. At the three frequencies considered, the VTCR converged using considerably fewer DOFs than the FEM (about 100 times fewer for the same error at all the frequencies considered). However, one could also remark than the VTCR is more efficient when taking fewer sub-domains.
One can observe that the frequencies considered were relatively low compared to the first example. In this example, the frequency limit was set by the finite element calculation: at higher frequencies, the FE problem would have been too large for a standard desktop computer.
Conclusion
The prediction of the vibrational behavior of planar orthotropic structures (such as composite panel) is needed in many industrial applications. Harmonic analysis in the medium-frequency range using the standard FEM is difficult because it requires a highly refined mesh. This paper introduced a means of predicting this behavior through the VTCR using plane waves as shape functions. The efficiency of this strategy had already been proven for similar problems involving isotropic plate assemblies. Here, we extended it to orthotropic plates. The numerical tests performed on two different sample problems show that the VTCR leads to accurate numerical solutions using far fewer DOFs than the standard FEM. Our future works will concern the extension of the VTCR to vibro-acoustic coupling. 
